We investigate the number of proper λ-colourings of a hypergraph extending a given proper precolouring. We prove that this number agrees with a polynomial in λ for any sufficiently large λ, and we establish a generalization of Whitney's broken circuit theorem by applying a recent improvement of the inclusion-exclusion principle.
INTRODUCTION
A hypergraph H is a set of non-empty sets whose union H is finite. The elements of H and H are the edges and vertices of the hypergraph, respectively. A loop is an edge of cardinality one.
A precolouring of H is a partial mapping of the vertex-set of H into the natural numbers, which are regarded as colours in this context. A colouring of H is a precolouring of H that is defined on the entire vertex set of H . A colouring or precolouring of H is proper if it induces no monochromatic edges apart from loops. For any precolouring f of H having a non-empty domain we use f * to denote the largest colour used by f ; if the domain of f is empty, we set f * := 1. For any proper precolouring f of H and any λ ∈ N, we consider the number P H, f (λ) of proper λ-colourings of H which are an extension of f . For λ ≥ f * , this quantity turns out to agree with a polynomial in λ generalizing the chromatic polynomial of a graph. For some classes of graphs, a detailed discussion of the associated existence problem can be found in [2] , [6] and [7] .
We proceed with some further definitions. For any hypergraph H , the number of vertices resp. edges is denoted by n(H ) resp. m(H ); m * (H ) := E∈H (|E| − 1). H is called runiform, if all edges have cardinality r . Subsets of H are also referred to as partial hypergraphs of H .
A sequence
For any vertices x, y of H write x ∼ H y if there is an x, y-path in H or x = y. Evidently, ∼ H defines an equivalence relation on the vertex set of H . For any subset X of the vertex set of
, where dom f denotes the domain of f . Let c f (H ) resp. n f (H ) denote the number of ∼ H -classes being disjoint with dom f resp. the number of vertices of H which are not in dom f . The edge-set of an x, ypath in H is referred to as an inhomogeneous f -set of H , if x, y ∈ dom f and f (x) = f (y); otherwise, if x = y or if x, y ∈ dom f and f (x) = f (y), then the same set is referred to as a homogeneous f -set of H .
RESULTS
Throughout, we assume that λ ∈ N. If f is nowhere defined, that is, if there are no precoloured vertices, then P H, f (λ) is the number of proper λ-colourings of H . By [3] , this number is a polynomial in λ of degree n(H ) with integer coefficients and leading coefficient 1. The following theorem generalizes this. 
where the sum is extended over all partial hypergraphs H ⊆ H f which do not include any inhomogeneous f -set as a partial hypergraph.
PROOF. We first prove eqn (1) where H f is assumed to be loop-free. Define as the set of all λ-colourings of H that are extensions of f , and for each E ∈ H f let A E consist of all ω ∈ which are constant on E. Then we have
The inclusion-exclusion principle applied to the right-hand side of eqn (2) gives
Since ω ∈ E∈H A E if and only if ω is constant on each ∼ H -class, we obtain
wheref (H ) := 0 if there exists an inhomogeneous f -set in H , andf (H ) := 1 otherwise. From the last two equations we deduce eqn (1) . For the proof of the first statement, let H * be obtained from H by removing all loops. Then, P H, f (λ) = λ n f (H )−n f (H * ) P H * , f (λ) and hence by eqn (1),
where H runs over all non-empty partial hypergraphs of H * f including no inhomogeneous f -set. Since c f (H ) < n f (H ) for any non-empty partial hypergraph H of H * f , the statement follows. The following lemma, which is adapted from [4] , provides an improved version of the inclusion-exclusion principle. A more general result is given in [5] . LEMMA 2.4. Let be a finite set, P a finite poset and {A p } p∈P a family of subsets of . Let C be a set of non-empty subsets of P such that any C ∈ C is bounded from below by an element C ∈ P \ C and c∈C A c ⊆ A C . Then
COROLLARY 2.2. If, in addition to the assertions of Theorem 2.1, H f has no cycles and in each connected component at most one precoloured vertex, then
where the sum is extended over all P ⊆ P including no C ∈ C as a subset.
Let S be a homogeneous f -set in some linearly ordered hypergraph. 
where the sum is extended over the same range as in eqn (5).
PROOF. Let and A E , E ∈ H f , be defined as in the proof of Theorem 2.1. Define P := H f and C as the set of broken homogeneous f -sets of H f . Since any C ∈ C is bounded from below by a two-element edge C such that C ∪ {C} is a homogeneous f -set of H f , we conclude that c∈C A c ⊆ A C . By Lemma 2.4 and eqn (3) we obtain eqn (5). Now eqn (6) is deduced from eqn (5): Since H includes no broken homogeneous f -set of H f , it particularly includes no homogeneous f -set with more than one edge. This implies that H is cycle-free and that any homogeneous f -set of H is either empty or consists of a single edge which, by the additional assumption of the theorem, contains at most one vertex of each colour. Therefore, within each connected component of H there are no two vertices coloured alike. On the other hand, since H includes no inhomogeneous f -set, there are no two differently coloured vertices in the same connected component of H . Thus, H is cycle-free and within each connected component of H there exists at most one precoloured vertex. By Lemma 2.3, n f (H ) − c f (H ) = m * (H ). From this and eqn (5) we obtain eqn (6).
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